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Chaotic PO ation
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Theway in which populations change can be modelled using arecurrence relation.

In the following recurrence relation, the population in ageneration P, . 1 isrelated to the
population in the previous generation, Py, by:

=kP(1- P)  wherek isapositive constant.

t+1

Thisrecurrence relation consists of two terms:

agrowth term, kP, that increases as P; increases

(k can be taken to depend on the amount of food available)

adeath term, thz, that also increases asP; increases

(this could be due to overcrowding and/or competition for the available food).
The sequence of valuesP,, P,, P, ....will depend on the initial population Py andk.

In thisactivity you will investigate the effect of different values of k and P,.

Using a graphic calculator

First takek to be 2.4 and P, to be 0.2 (assume thisisin millions or thousands if you wish).

Enter the value of Py, in this case 0.2, into your calculator. t Py
0 0.2
Now enter the recurrence relation 1 0.384
P,.= kP(l p) 2 0.568
using 2.4 ask and theAns key asP; : 3
2.4Ans(1 —Ans) 4
5
Repeatedly pressthe‘equals’ key to give successiveterms 6
in the sequence. Check that the values you get agree with 7
those given in the table when rounded to 3dp. 8
9
Complete the table. 10
11
12
13
14
15
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Population changeswhen k = 2.4 and Po = 0.2

Theway in which the

population changes can be P, 10
shown on agraph.
0.9
Completethisgraph. 0.8
What happensto the 0.7
population in the case 06
when k = 2.4 andPy=0.2? ' K
0.5 /
/
04 1~
Try different values of Py 03 1/
withk =24 /
Does the same thing 0.2
happen each time? o1
0.0
0 5 10 15

Using a spreadsheet

Working out values and plotting graphs is much quicker using a spreadsheet.

A spreadsheet has been set up to allow you to investigate other values of k quickly and easily.
Follow the instructions given on the spreadsheet and write a summary of what you find.

Chaos
Y ou should have found that for some values of k, the population behaves chaotically.
Thisissimilar to the way in which climate can behave.

Chaoswas first discovered by the meteorologist Edward L orenz who was using a computer
program to simulate weather. After carrying out one simulation he wanted to check his
results, but to save time he decided not to run the whole simulation again. Instead he entered
some of the data from the middle of his previous simulation, expecting the remainder of the
sequenceto be as before. To hissurprise, the new pattern in the results was very different.
He discovered that the problem had arisen because of small inaccuraciesin the data he had
used —the original values stored in the computer were cal culated to 6 decimal places, but then
printed to 3 decimal places. Entering these slightly different values had caused a significant
differencein the resulting pattern of values. Thiseffect isoften called the “butterfly

effect” after |an Stewart wrote the following in his book “Does God play dice? The
mathematics of Chaos” :

Theflapping of a single butterfly’ swing today produces a tiny changein the state of the
atmosphere. Over a period of time, what the atmosphere actually does diverges from what
it would have done. So, in amonth’stime, a tornado that would have devastated the
Indonesian coast doesn’t happen. Or maybe one that wasn’t going to happen, does. (P141)
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Teacher Notes

Unit  Advanced Level, Applying mathematics

Notes

Thisisan adaptation of an activity that was written by Jon Gray (Banbury School) for a
Nuffield project linked to climateprediction.net. Some information about the
climateprediction.net project is given at the end of these notes.

This activity assumes that students have accessto graphic calculators and Excel. It shows
how to use arecurrence relation to simulate population changes. Some values of the
parameter, k, lead to chaotic behaviour.

Answers The completed table and graph fork = 2.4 and Py = 0.2 are given below.

t P,
0 0.200 Population changeswhenk =2.4and P,=0.2
1 0.384 p. 1.0
2 0.568 t
3 0.589 0.9
4 0.581
5 0.584 0.8
6 0.583
7 0.583 0.7
8 0.583
9 0.583 0.6 I F =¥ X—F—%—%—X
10 0.583 /
11 0.583 0.5 17—
12 0.583 /
13 0.583 0.4 1
14 0.583 0.3 4/
15 0.583 /
0.2
It can be seen that the
population tends to a constant 0.1
valueof 0.583
0.0
Keepingk =2.4 and using 0 5 10 15
other values of Pygive other t
sequencesthat behavein the
same way.

For other values of k suggested on the spreadsheet, the population oscillates between
increasing numbers of values until it starts to fluctuate chaotically at about 3.5 —asmall
change in the parameter, k, leading to large changesin the results. For values of 3.6 and
above the behaviour of the population appearsto be random, although thereis some
underlying structure. Students who areinterested in investigating further could try plotting
the (n + 1)th iteration against the nth. This gives anattractor.
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Similar situations arise in other real contexts such asweather. Although thisactivity issetin
adifferent context, you may like to encourage studentsto find out more about climate by
visiting the climateprediction.net website at www.climateprediction.net. Further activities
linked to the project and information for teachers are also available from
www.climateprediction.net/schools .

Climateprediction.net

Thisresearch project isajoint research project funded by the Natural Environment Research
Council (NERC) and the Department of Trade and Industry. Itsaimisto usethelarge
number of idle computers worldwide and the power of the internet to predict and understand
the climate. If they visit the website at www.climateprediction.net, your students can take
part in this project by downloading their own unique simulation model of the Earth’ s climate.
The downloaded program runs as a background process (it does not affect normal computing)
to generate datafor a climate model. The graphics packages supplied with the model show
how weather patterns develop. Results from these experimentswill contribute to the 4
Assessment Report of the Intergovernmental Panel on Climate Change (IPCC) and will help
policy makers plan for the effects of climate change.
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